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1. Introduction 



Recently the study of polynomials orthogonal with respect to a nonstandard inner 
product 



has attracted the interest of many researchers. In particular when m = 1 and /xi is an 
atomic measure supported at a point c e M, results concerning algebraic properties of 
such polynomials and the location of their zeros have been done (see for instance [1]). 
From an analytic point of view, the relative asymptotic behaviour of such polynomials 
when hq belongs to the class M(0, 1) has been accomplished in several papers ([2], [6] 
and [7]). This behaviour is considered in compact sets of C \ supp /iq. 

However, the behaviour of polynomials in supp /iq remains an open question. The 
aim of this paper is to cover this lack in the literature. In fact, a first approach was 
given by Marcellan and Osilenker [8] when m = 1, dfiQ = X[-i,i]dx + M{di + 
and dni — N{6i + using some previous work by Bavinck and Meijer ([3], [4]), {dc 
denotes a Dirac measure supported at the point c). 

In our paper, we will consider m = 1 



with a > —1 and f3 > —1. 

In Section 2 we present the basic tools concerning the polynomials orthogonal with 
respect to the above inner product with special emphasis in the case of the so-called 
Jacobi-Sobolev type polynomials and some results about Jacobi polynomials which we 
will need throughout the paper. Section 3 deals with pointwise analysis and upper 
bounds for Jacobi-Sobolev type polynomials as well as an upper bound of their uniform 
norm using the corresponding estimates for standard Jacobi polynomials. Previously, 
we study the behaviour of the coefficients which appear in their representation in terms 
of Jacobi polynomials and, as a consequence, an estimate for them at the ends of the 
interval as well as an estimate for its first derivative are given. 

Finally, in Section 4 we obtain some bounds and estimates for the kernels associated 
with the polynomials considered above. In particular, the analogue of a very well known 
result by Mate-Nevai-Totik concerning Christoffel functions is deduced. 

In such a way we can give a complete answer in order to estimate the behaviour 
on [—1, 1] of such polynomials. Notice that some of the above results, when d^o = 
wdx + MSc where is a generalized Jacobi weight and //^ = (A; = 1, m), have been 
obtained in [5]. 




dfio{x) = (1 - + xfdx + Mdi{x) 

diii{x) = NSi{x) 



2 



2. Representation formulas and basic results 

Let be a positive Borel measure on M whose moments are finite and whose support 
is an infinite set. 

We consider the inner product 

{f,g)= [ f9dfi + Mf{c)gic) + Nf'{c)g'ic) M,N>0 cgR (1) 

. Let Pn and Qn be the polynomials orthonormal with respect to the measure fi and the 
inner product (1), respectively. Denote qn{x) — ■Jnx"' + ... and Pn{x) — knx"^ + ... . The 
Fourier expansion of Qn in terms of pk (k = 0, ...,n) leads to 



We have used the abbreviation 



qn{x) = ^pn{x) - Mqn{c)Kn-i{x, c) - Nq'^{c)Ki^l\\x, c) (2) 



where, as usual, Kn{x,y) = YZ=oPk{^)Pk{y)- 

If we take derivatives in (2) with respect to x and evaluating at x = c, the values 
of qn{c) and q'^ic) can be expressed by 

= + NKt'hc, c)} - Np'MK^n-^ic, c)] 



q'M = t:^[-Mp„(c)kS(c,c)+K(c){1 + MK„_i(c,c)}] 
where 

Dr, = l+MK,,_,{c,c)+NKi^:}^{c,c)+MN[K^_^{c,c)Ki^l\\c,c)-{K^^^^^^ (3) 

( note that Dn = D^{M, N,c)>0 for all M > 0, iV > and c e M). 

Let pn{x;jij) = kn{lJij)x^ + j = 0,1,2,..., the orthonormal polynomials with 
respect to the measure d^j — {x — cj'^^dfx (where no = ij) and Kn{x,y; Hj) the corre- 
sponding kernels. Expanding {x — c)pn-i{x; /Xj+i) in terms of Pk{x; /Xj) we obtain (see 
[1, Lemma 2.1]) 

(a; - c)pn-i{x; iij+i) = [Pn{x; fij) - P""^^'^^^ Kn-i{x,c; Hj)] 

Using the orthonormality of the polynomials pn-i{x; fij+i) and Pn{x; fij) and the repro- 
ducing property of the kernels Kn-i{x., c; Hj) we have 



kn-iifij+i) J Kn-lic, c; llj) 
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We want to point out that 

n /C„_i(/Xj_|_i) 



= 1 whenever e M(0, 1) c e [-1, 1] 



(see [9, Theorem 3 on p. 26]), that wc will use later. 
Since the polynomials Pn{x; Hi) satisfy 



we can write qn{c) and Q^(c) as follows 



7i 



kr 



:Pn-l{c;i^l)Kn-l{c, C)] 



KDn kn-l{Hl) 
<l'ni.c) = -P^\p'n{c)+ M- — rPn-l(c;//l)i^n-l(c, c)}] 



k-nDr 



kn-lifJ'l) 



(4) 



(5) 



If we represent the kernels Kn-i{x, c) and K^_^^ {x, c) in terms of the polynomials 
Pn{x) and Pnix; fXj) with j = 1, 2 we can obtain (see [1, Proposition 2.2]) 

Proposition 1. Let Pn he the orthonormal polynomials for the measure fi and c G M 
such that the condition pn{c)pn-i{c; jji) ^ is satisGed for every n E N. Then, the 
polynomials qn orthonormal with respect to the inner product (1 ) verify the formula 



qn{x) = AnPn{x) + Bn{x - c)pn-l{x; jli) + Cn{x - cf Pn-2{x; IJL2) 



(6) 



with 



An = 1^(1 - ttn) 



B = 

kn-lil^l] 



(c^n Pn) Cn — 



It. 



kn-2{l^2 



(6.1) 



where 



1 — CKr 



d: 



1 - N- : r — Kn-1 (c, c) 



j3n = NKn-2{c, c;iJ,i)D^^ 



kn Pn-i{c;ni) 



+ MKn-iic,c) 



(6.2) 



(6.3) 



Remark. Since all the zeros of the polynomials p„ (x) and Pn-i {x; //i) are in the interior 
of the convex hull of supp then the formula (6) is true whenever c is not an interior 
point of the convex hull of supp /i. 

From (2), it is obvious that 



In 
kn 



qnPndfJ, = {qn,Pn) - Mpn{c)qn{c) - Np'^{c)q'^{c) 
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and then by straightforward calculations we find, (see [1] or [2]) 

1/2 



kn, \ D 



In ( Dr, , 



In the sequel we consider the inner product (1) when the measure /x is the Jacobi 
weight and c = 1, that is 



(/, 9)^1 f9Wa,(3dx + Mf{l)g{l) + Nf'{l)g' 
J[-i,i] 



(1) (8) 



where Wo,,p{x) = (l-x)"(l+a;)^ with a, /3 > -1 and M, iV > 0. Let P^"'^^ be the Jacobi 
polynomials with the normalization condition 

p^a, /3)/-|^\ _ r(77- + Q! + 1) p^"'^) the Jacobi orthonormal polynomials. We denote 
V(a. + l)n\ 

by q^'^^ the polynomials orthonormal with respect to the inner product (8). 

Some basic properties of Jacobi polynomials, (see [11], Chapter IV), we will need 
in the following, are given below. Throughout this paper we use the notation z^, — Wn 
when the sequence z^/wn converges to 1. 

= !i±^M±lp(«|^.^+^)(,) (10) 

II p(«,/3) ||2 ^ 2-+P+'r{n + a + mn + f3 + l) ^ _i 

" ^ " {2n + a + (3 + l)n\r{n + a + (3 + l) ^ ' 



_ r(2n + Q; + /3 + l) 
"~ 2"n!r(n + « + /3 + l) " 

where P^'^\x) — Unx"^ + ... 

From (9)-(12), we have for Jacobi orthonormal polynomials: 



(12) 



Pn ^-'^ - 2(«+/3)/2r(a+l) ^'''^ 

a+(5/2) 

yPn ) K^) 2(«+/3+2)/2r(a + 2) ^ ' 



From these formulas we can deduce 
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Lemma 1. The following estimates hold: 

-,2a+2 



Tl 

^n(l,l)- 2a+/3+lr(a + l)r(a + 2) ^^^^ 



" ' ^ ~ 2«+/3+2r(a + l)r(a + 3) ^ ^ 

2«+/3+3r(« + 2)r(« + 4) 

Proof: Because of the reproducing property of the kernels, Kn{x, 1) is a polynomial 
of degree n, orthogonal with respect to the weight Wa+i,p, that is, for each n there exists 

a constant such that Kn{x,l) = CnPn'^^'^\x). Comparing the leading coefficients 
we get 

II j-,{ce + l,f3) II I /3 I 1 

K (x 1)= \[ n + a + (^ + i. M)(i)^{a+m(^) (ig) 

2n + a + /3 + l^" ^ ^ 

Now, (15) follows from (11) and (13). 

If we derive (18) and evaluating at a; = 1, by using (11), (13) and (14), we deduce 

(16). 

To obtain the estimate for Kn'^\l, 1) we can consider the formula 

Kn(l, l)i^i^'^)(l, 1) - (i^i°'')(l, 1))' = i^n-l(l, 1; «;a+2,/3)i^n(l, 1) (19) 

(see [1, Formula (2.9')]). Now (17) follows from (19), taking into account (15) and (16). 
I 

The above lemma and (19) allow us to deduce easily the asymptotic behaviour of 
Dn, (see formula (3)). 

From now on C will denote a positive constant independent of n, but possibly 
different in each ocurrence. 

Lemma 2. There exists a positive constant C such that: 
a) ifMN > 0, then 

Dn - MiV[K,_i(l, l)4'lV(l, 1) - 1))'] = 

h) if M = and AT > then 

Dn ^ NK^^lWl, 1) ^ Cn2'^+^ 



Taking in mind (7) , a consequence of the above lemma is the following 
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Corollary 1. Let kn and 7^ be the leading coeiEcients of the polynomials pi^'^^ and 
qi^'^^ respectively. Then lim ^ = 1. 



3. Estimates for Jacobi-Sobolev polynomials gi"'^^ on [—1, 1] 

In this section, we analyze the behaviour of the Jacobi Sobolev-type polynomials 
q^'^^ orthonormal with respect to (8) on [—1, 1]. 

In order to do this we will estimate the size of the coefficients which appear in their 
representation in terms of Jacobi polynomials, see Proposition 1. 

Theorem 1. Let /j, be the Jacobi measure, c = 1 and An, and Cn the corresponding 
coefEcients in Proposition 1. There exists a positive constant C such that: 

a) ifMN > then, = -Cn-^"-^ Bn = Cn-^"^-^ Cn = 1 

b) ifM = OandN>Othen,An^^ Bn ^ 1 Cn = ^. 

Proof: Firstly, note that because of (4) and Corollary 1, ^ and 

kn kn-l[Wa+2,l3) 

^'^ converge to 1. So, from (6.1), the asymptotic behaviour of A^ Bn and 



kn-2{Wa+A,p) 

Cn only depends on and (3n- 

a) Assume MA'" > 0. Using (13)-(15), we can see that, in formula (6.2), the term 
in brackets tends to —00 like — n^""''®. Since, by Lemma 2, Dn — Cn^°^'^^ it follows that 



an 1 and An = -Cn-^"-^. 

Applying formulas (13)-(15) and Lemma 2 in (6.3), wc obtain that fin 1; hence 
Oin — I3n ^ 0. Handling as above, it is not difficult to deduce that Bn = Cn~^"~^. 

The result for Cn is immediate. 

b) Assume M — Q and A > 0. Lemma 2 and formulas (13)-(15) lead to 
^_,A^._i(l,l)(p£.f'^))'(l) 1 



which, since Dn = Cn^""*"^, implies that 1 — ctn — > — !/(« + 2). As to (3^ arguing in a 
similar way we get that /?„ 1/ (a + 2) and the assertion follows. | 

Now, we can give the asymptotic behaviour of the polynomials q^'^'' and {q^'^^)' 
at the ends of the interval [—1,1] for M > and N > 0. 

Theorem 2. There exists a positive constant C such that the following estimates 

g^«'/3)(-l) ^ pi^'^\-l) ^ C(-l)'^n^+(i/2) 
(^i'*'''^ )'(-!) = = C(-l)^n^+^^/2) 
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(a,(3)(-, ^ ^ / -Cn-«-(3/2) if MiV > 
9n K^) - I _^^a+(l/2) if M = 0, TV > 

Proof: Consider the representation of qi^''^^ in terms of Jacobi orthonormal poly- 
nomials 

Evaluating at a; = — 1 and taking into account that p^'^\—x) — (— l)"^pn^'"''(x), for all 
X G [—1, 1], we have 

Theorem 1 and (13) yield lim ^} ^ = 1, whenever M > and AT > 0. 

Deriving in the above expression of ql^'^\x) and proceeding as before, from (13), 

(gi"'^V(-l) 

(14) and Theorem 1, we obtain that lim — ^— tt = 1, whenever M > and A'" > 0. 

" {pt^^y{-i) 

To give the asymptotic behaviour at the point 1, we can use similar arguments. 
However, we want to point out that to estimate {q^'^^)' {^) it is easier to apply formula 
(5) written for Jacobi polynomials and c = 1, that is 



= T:^[(pi"'^^)'(i) + M^-^ — -J:x"^'\mn-i{i, 1)] 

Now it suffices to apply (4), (13)-(15), Lemma 2 and Corollary 1. | 

Note that the polynomials orthogonal with respect to the measure fi + M5i are 
orthogonal with respect to the inner product (1) with c = 1, M > and N = 0. Next 
we summarize for this situation the main results of this section: 

Lemma 3. Whenever M > and N = 0, there exists a positive constant C such that, 

L>„ = MK„_i(l,l)^Cn2«+2 

An ^ Cn-^''-^ Bn^l Cn = 

qf^Hl) ^ Cn-«-(3/2) (gi«'^))'(l) ^ Cn«+(^/2) 
g^-'/3)(-l) ^ pi^'^\-l) ^ C(-l)'^n^+(i/2) 
(?i«''5))'(-l) ^ (p(f '''))'(-l) ^ C(-l)^n^+(^/2) 



Remark. Compare the asymptotic behaviour of qi^'^\l) and qi^''^\—l) with the one 
of qi^'^\x) for a; e C \ [—1, 1] which is well known since Lemma 16 on p. 132 in [10] and 

Theorem 4 in [7] lead to lim , = 1 uniformly for x on compact sets of C\ [— 1, 1], 

whenever M > and > 0. Concerning the asymptotic behaviour of pl^''^\x) out of 
[-1, 1], see [10, Theorem 8.21.7]. 

Next we are going to find bounds for the polynomials qi^'^\ First, we need to 
recall a property satisfied by Jacobi polynomials. Theorem 7.32.2 of [11] shows that 
there is a constant C independent of x and n such that 

^i/2|p^a,^)(^)| < ^"(1 -a; + n-2)-('^/2)-(i/4) < a; < 1 

Using the fact that Pi°''^\x) — {—l)'^Pn^'°'\—x), we have that the orthonormal Jacobi 
polynomials satisfy the estimate 

\pk"'^Hx)\ <C{1-X + n-2)-W2)-(l/4)(l + ^ + ^-2)-(/5/2)-(l/4) (2O) 

for all X G [—1, 1] and n > 1, with a, f3 > —1. In the sequel C will denote a positive 
constant independent of n and x, but possibly different in each ocurrence. 

Wc will find that similar bounds arc valid for the polynomials q^'^^ with M, > 0. 

Theorem 3. There exists a constant C such that for each x e [—1, 1], n > 1 and 
a,(3 > -1 

\qL"^''\x)\ <C{1-X+ n-2)-W2)-(l/4)(l + ^ + ^-2)-(/3/2)-(l/4) (2I) 

Proof: It suffices to prove the result for n large enough. We know, (see Proposition 
1), that the polynomials q^'^^ satisfy the representation formula 

= Anpit'^\x) + Br,{x - l)pt\''^\x) + Cr^ix - l)^ptV'^^(^) 

Since the coefficients A^-, Bn and Cn are bounded (Theorem 1 and Lemma 3) 
and the boundedness (20) for p^'^\x) is also true for (1 — x)pl^J^^'^\x) and (1 — 
x)'^pI^J^^'^\x) for all x e [—1, 1] and n > 2, the statement follows. | 

As a consequence, whenever a, (3 > —1/2, we get a bound independent of n 

<C(1-x)-("/2)-(1/4)^;L^^)-(/3/2)-(1/4) 

for aU x e (-1, 1). 

In particular, if a = /3 = 0, we have \q^'^\x) \ < C{l — x^)~^^^^^ for all a; G (—1,1). 
A similar result has been obtained in [8] for the polynomials orthonormal with respect to 
the inner product (/, g) = J^_^ ^ fgdjio + ^-^ f'g'd/ii with d/io = ^dx + M{6i + d-i) 
and d/jii = N{5i + 5-i). 

Now, from Theorem 3, we can deduce an upper bound of the maximum of q^'^\x) 
on [-1,1]. 



Corollary 2. There exists a constant C such that for each n>l we have 



max |a("'^)(a:)|<|^"'^^'^'^ if g > -1/2 
_maxjg„ [x)\<<^^ if g < -1/2 

where q = max{a,/9}. 

Proof: The inequalities 1 < 1 + x + < 3 and < 1 — a; + < 2 hold for 
X e [0, 1]. Therefore, from (21), it follows that 



la(«'^)fx)l<l^^"^^'^'^ if«>-l/2 
^""'^-{C if a < -1/2 



for aU X e [0, 1] . 

A similar argument leads to 



1 9, 



'("'^)fx)l<l^^^^^'^'^ if/?>-l/2 
" ^^l-\C7 if/?<-l/2 



for all a; e [—1, 0]. The assertion follows easily. | 

Concerning the asymptotic behaviour of the q^'^^ on [—1, 1], by the previous Sec- 
tion we know estimates for these polynomials at the end points of the support of the 
Jacobi weight. What about the asymptotic behaviour of the qi^''^^ on (—1, 1) ? 

The Jacobi orthonormal polynomials verify 

(x) = <'^(1 - a;)-("/2)-(V4) (1 + ^)-(/3/2)-(l/4) ^^^^^^ ^ ^ ^^^-1^, ^22) 

k = n+^,^^-{a + l)n/2 and r-/' = ''"^^pK^^^'' ^ (^) 
uniformly for a; on compact sets of (—1, 1), (see [11], Theorem 8.21.8]). 

Now, we will show that the polynomials qi^'^^ have a similar asymptotic behaviour 
to the one of pi^'^^ on the interval (—1, 1). 

Theorem 4. Let qi^'^^ the polynomials orthonormal with respect to (8) and A^, 
and Cn the corresponding coefRcients which appear in Proposition 1. Then 

g^"'«(a;) = <'/='(l -a;)-(«/2)-(i/4)^;L + a;)-(^/2)-(V4)cos(fc^ + 7) + 0(n-i) 

/oX 1/2 

uniformly for x on compact sets of (—1,1). Therefore, lim[g^""''^(a;) — p^^'^\x)] = 

n 

uniformly for x on compact sets of (—1, 1). 
Proof: By Proposition 1 

g(-'^)(x) = Ar,pl^'^\x) + B^{x - l)pt\''^\x) + Cr^ix - l)^p£.?'^^(a;) 
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From (22), we have 

qi^'^^x) = (1 - x)-(°/2)-(V4)(i + ^)-(/3/2)-(i/4) ^^g^;.^ ^ 7)Kr«'^ + + Cr.r^H'"] 

+ + - 1) + Cn{x - if] + 0{n-^) 

uniformly for x on compact sets of (—1, 1). 

Since the asymptotic behaviour of the coefficients A^, and Cn obtained in the 
previous section, we get 

g^«./3)(x) = - a;)-("/2)-(l/4)(l + ^)-(/3/2)-(l/4) ^^^^j^g ^ ^) ^ ^^^-1) 

and hms""'^ = I — ) 
n \7r J 

Therefore q^'^\x) = -!^p!j^'^\x) + 0{n~^) and we can write 

uniformly for x on compact sets of (—1,1). Thus the result follows. | 

Remark. From (20) we have \p^'^\x)\ < C ior x on compact sets of ( — 1, 1). Then 
lim[q^'^^ — pI^'^^] = uniformly on compact sets of (—1,1) could be also deduced 

n 

applying Theorem 5 in [7] and formula (10) of Lemma 16 in [10]. 
4. Estimates for the kernels 



It is known, (Nevai [10, Lemma 5 on p. 108]), that the kernels associated with 
Jacobi polynomials satisfy the estimate 

Kn(a;,a;) ~n(l-a; + n-2)-«-(i/2)(l+a; + n-2)-/3-(i/2) (^23) 

uniformly in |a;| < 1, n > 1, where by fn{x) ~ gn{x) we mean that there exist some 
positive constants Ci and C2 such that Cifn{x) < g-nix) < C2fn{x) for all x e [—1, 1] 
and n e N. 

We want to find similar estimates for the new kernels. 

Let Ln[x,y) be the kernels relative to the inner product (8). If we consider their 
expansion in terms of Jacobi orthonormal polynomials, we can deduce, (see [1, p. 744]), 

Lr,{x, y) = Kn{x, y) - ML^iy, l)Kr,{x, 1) - NL^^^^^y, l)Ki'>^^\x, 1) (24) 
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with 

Ln{x, 1) = D-l, ([1 + iVK(^'^)(l, l)]K^{x, 1) - NK!^^'){1, 1)) 



1) = i^-^i ([1 + MK„(1, 1) - MK^'-'Hl, mn{x, 1)) 

Inserting Ln{x, 1) and Ln°'^''(a:, 1) in (24) and taking y = x, we get 

L,(a;, x) = Kn{x, x) - D-1,[M{1 + NK^^'^\l, l)}Kn{x, if 

- 2MNKi°''Hl, l)Kn{x, l)Ki°''\x, 1) + N{1 + MK,(1, 1)^] 

(25) 

If, as usual, we define the Christoffel function 

An{x) = min{(p, p); degp < n,p{x) — 1} 

it is easy to see that A^(x) = [Ln{XjX)]~^. 

We will use the representation (25) to obtain some bounds for Ln{x, x). 

Theorem 5. Let (L^(x,y)) be the kernels relative to the polynomials q^'^\ Then 
there exists a constant C such that for each x e [—1,1] and n > 1 

\Ln{x, x)\ < Cn{l -x + n-2)-«-(i/2)(l +x + n'^)-^-^^/^^ 
Proof: From (23) we have for each x e [—1, 1], n > 1 and a, P > —1 

\K^{x, x)\ < Cn{l -x + n-2)-«-(i/2)(i + ^ + ^-2)-/3-(i/2) ^26) 

Moreover, from (11), (18) and (20), 

\Kr,{x,l)\<C\pt^\lW^-+''^\x)\ 

< Cn"+(1/2)(1 -X + n-2)-(«/2)-(3/4)(i + ^ + ^-2)-(/3/2)-(l/4) 



(27) 



for aU X e [-1, 1]. 

To find a bound for kI°'^\x, 1), we will use the formula 

K(0'i)(a;, 1) = (a; - l)Kn-i{x, 1; Wa+2,/3) + 1 ,} K^ix, 1) (28) 

-f^n(l, Ij 

(see [1, Formula (2.9)]), from which, using (27) and Lemma 1, it follows that 

\Kt'\x, 1)1 < Cn"+(5/2)(l - a; + n-2)-W2)-(3/4)(i + ^ + ^-2)-(/3/2)-(i/4) ^39) 

for all X e [-1, 1]. 
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Now it suffices to remind that by Lemmas 1 and 2, whenever MN > 

MD-l,[l + NK^'''\l, 1)] < Cn-2«-2 

2MArL)-^iK(0'i)(l, 1) < Cn"^"-^ 

iVD-|jl + MK„(l,l)] < Cn-2«-6 

and to observe that for each x G [—1, 1], the inequahty n~^{l — x + n~'^)~^ < Cn holds. 
For the other values of the parameters M and A^, we proceed in a similar way. Thus, 
the result follows. | 



This result gives us only upper bounds. Now we want to estimate more accurately 
Ln{x,x). First, we observe the behaviour of Ln{x,x) at the end points of the interval 
[— 1, 1]. Evaluating at a; = 1 the expression of Ln{x, 1) given in (24) and using (19), we 
get 

L„(l, 1) = D-l,[l + NK^_i{l, 1; w^+2,f3)]K^{l, 1) 

Then, the kernels L„(l, 1) arc bounded if M > 0, iV > while L„(l, 1) ^ CK^(1, 1) 
if M = 0, A'' > 0. Note that the boundedness of Ln{l,l) depends on the addition of a 
mass at 1 and not of the term involving derivatives. 

Moreover from the expression of L„(l, 1) we can recover the mass M. Indeed, by 
using Lemmas 1, 2 and 3 it follows that, when M > and N > 0, limA„(l) = M. 

n 

Otherwise, the mass N can be recovered from Ln'^\l, 1) since, when M > and N > 0, 
lim[4^'^)(l,l)]-^ = Ar. 

n 

As to L^(— 1, — 1), it suffices to take a; = y = — 1 in (24) and we obtain 
Ln(-1, -1) ^ CKni-1, -1) ^ Cn2^+' 

Next, we are going to find uniform estimates for the kernels. When M > 0, L^(l, 1) is 
bounded, so we give uniform estimates on compact sets not containing the mass point 
1. 

Theorem 6. a) Suppose M > 0,N >0. Let e > 0, then 

L^ix, x)r.n{l-x + n-2)-«-(i/2)(l + x + 71'^'"'^'^^^ 

uniformly 022 [— 1, 1 — e], n > 1. 
b) Suppose M = 0,N>0. Then 

Ln{x, X)r.n{l-X + n-2)-"-(V2)(l + 3- + ^-2)-/3-(l/2) 

uniformly on |x| < 1, n G N. 

Proof: Because of Theorem 5, it suffices to prove that, for n large enough 

Lnix, x) > Cn(l -x + n-2)-'^-(i/2)(l + x + 71-^"'^^^^^ 
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uniformly on [—1, 1 — e] when M > and on [—1, 1] when M = 0. 
For the sake of simphcity, we write 

d{x, n)^n{l-x + n-2)-«-(^/2)(l + x + n-^)-^-^!/^) 

a) Let N > 0. Using Lemmas 1 and 2 and formulas (27) and (29), we obtain that 
the three last summands in (25) are bounded by Cd{x,n)n~'^{l — x + n~^)~^. Thus, 
taking into account (23), the result follows. For = 0, wc handle in a similar way. 

b) For N = the result is obvious because of Ln{x, x) — Kn{x, x). Suppose N > 0, 
as Dn+i = 1 + NKi^'^\l, 1), from (25) we have 

Lr,{x,x) > ra-^i[i^(l'l)(l,l)i^„(x,x) -i^(0'l)(x,l)2] 

and using, again, the estimates for the kernels and (28) we can deduce the result. | 
Now we consider the analogue of the Szego extremum problem for the inner product 

(8). 

It is known that the generalized Szego extremum problem, associated with a finite 
positive Borel measure on the real line, consists of finding lim Xn{x] fi) with Xn{x] fi) the 

n 

Christoffel functions corresponding to //. A solution of this problem, when fi belongs 
to the Szego class of the interval [—1, 1], has been given in [9, Theorem 5] by proving 
that limnAn(a;; /x) = 7r//'(a;)(l — x^)^/^ for almost every x e [—1, 1], where is almost 

n 

everywhere the Radon- Nikodym derivative of fx, (see [9]). 

Theorem 7. Let the Christoffel functions associated with (8). Then 

limnA„(a;) = TTWa,p{x){l - x^^l'^ 

n 

for almost every a; e [— 1, 1]. 

Proof: Because of Mate-Nevai-Totik result, above quoted, we only need to prove 
\im.n~^Ln{x,x) = \im.n~^Kn{x,x), x E [—1, 1]. Thus, by (25), it suffices to deduce 

n n 

limD-l, [1 + NKi''^\l, l)]K^ix, if = 

n 

limD-l,K^^''\l, l)Kn{x, l)K^'''\x, 1) = 
limL>-ji[l + MK,(1, l)]Ki^''\x, 1)2 = 

n 

for every x e (—1, 1) and this follows by considering (18), (13), (22) and (28). | 

From the results of Section 2 and formulas (27) and (29), the following bounds for 
Ln{x, 1) and Ln'^\x, 1) can also be obtained: 
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Theorem 8. There exists a constant C such that for each x E [—1,1] and n> 1 



Notice that the above bounds for Ln{x, 1) when M > and for Ln ' {x, 1) when 
N > are, respectively, sharper than the ones for K^ix, 1) and Kn'^\x, 1) (see formulas 



Remark. Some of the above results about the kernels appear in [5] for w a generalized 
Jacobi weight and N = 0. 

Finally, it is worth observing that if in the product (1) //is the Jacobi measure and 
we take c = —1, since Jacobi polynomials satisfy p^'^\—l) — {—l)^pi^'"\l), we get 
the same results as above but exchanging a and 
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\Ln{x, 1)1 < C(l + a; + n-2)-(/3/2)-(V4) 
|Ln(x, 1) I < Cv?^+\1 + X + n-2)-(/3/2)-(V4) 

\L^y\x, 1)1 < C(l + a; + n-2)-(/3/2)-(i/4) 
L''y\x, 1)1 < Cn2«+4(1 + a; + n-2)-(/?/2)-(i/4) 



if 
if 
if 
if 



M > 
M = 
iV > 
iV = 



(27) and (29)). 
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